Let R be a ring with an identity element. We prove that R is right Kasch if and only if injective hull of every simple right R-modules is neat-flat if and only if every absolutely pure right R-module is neat-flat. A commutative ring R is hereditary and noetherian if and only if every absolutely s-pure R-module is injective and R is nonsingular. If every simple right R-module is finitely presented, then (1) R R is absolutely s-pure if and only if R is right Kasch and (2) R is a right -CS ring if and only if every pure injective neat-flat right R-module is projective if and only if every absolutely s-pure left R-module is injective and R is right perfect. We also study enveloping and covering properties of absolutely s-pure and neat-flat modules. The rings over which every simple module has an injective cover are characterized.
INTRODUCTION
Throughout, R is a ring with an identity element and all modules are unital R-modules. od-R denotes the category of right R-modules and M R denotes a right R-module. For an R-module M, the character module Hom M / is denoted by M + , the dual module Hom R M R is denoted by M * , and M M → M * * stands for the evaluation map. M is said to be torsionless if M is a monomorphism. We use the notation E M , Soc M , Rad M , Z M for the injective hull, socle, radical, singular submodule of M respectively. Also J R denotes the Jacobson radical of a ring R. By N ≤ M, we mean that N is a submodule of M.
Recently, there is a significant interest to some classes of modules that are defined via simple modules, (see, [1] , [4] , [5] , [6] , [9] , [20] , [21] , [25] , [37] , [38] ).
Let
0 → A f → B → C → 0 be a short exact sequence of right R-modules. Following [4] , is said to be s-pure if f ⊗ 1 S A ⊗ S → B ⊗ S is a monomorphism for every simple left R-module S. If f is the inclusion homomorphism and is spure, then A is said to be an s-pure submodule of B. Similar to the well-known notion of absolutely pure (or FP-injective) module, a right R-module M is called
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absolutely s-pure if it is s-pure in every right R-module N that contains M as a submodule.
Another class of modules related to simple modules are the simple-projective modules. Namely, a right R-module M is said to be simple-projective if for any simple right R-module S, every homomorphism S → M factors through a finitely generated free right R-module. Simple-projective modules introduced in [21] in order to characterize the rings whose simple modules have a projective (pre)envelope. Simple-projective modules and a generalization of these modules have been also studied by Parra and Rada in [29] .
A submodule N of a right R-module M is said to be neat in M if for any simple right R-module S, every homomorphism f S → M/N can be lifted to a homomorphism g S → M. Neat submodules recently studied in [12] , where Fuchs characterizes the integral domains over which s-pure and neat submodules coincide. A right R-module N is said to be neat-flat if for any right R-module M and epimorphism f M → N , the induced map f * Hom S M → Hom S N is surjective for any simple right R-module S, that is, every short exact sequence of the form 0 → K f → M → N → 0 is neat-exact, i.e., f K is a neat submodule of M. Neat-flat modules are studied in [1] , where it is shown that the notions of simple-projective and neat-flat modules coincide. One of the importance of absolutely s-pure and neat-flat modules is the fact that they are homological objects of some certain proper classes (in the sense of [8] ) induced by simple R-modules, (see, Lemma 3.3 and [1, Lemma 3.1]). From another point of view, absolutely s-pure and neat-flat modules, are similar to that of injective and flat modules, respectively. In this regard, it is of interest to investigate the connection between these modules and the rings that are characterized via absolutely s-pure and neat-flat modules. The rings whose simple right modules have a projective preenvelope are characterized by using simple-projective modules (see [20] ). At this point, it is natural to consider the rings whose simple right R-modules have an injective cover. These constitute the main objective of the article.
The scheme of the paper is as follows. The properties of absolutely s-pure and neat-flat modules are studied. Some connections between these modules are established. For a right N -ring, i.e., the rings whose simple right modules are finitely presented, we prove that a left R-module M is absolutely s-pure if and only if Ext 1 R Tr S M = 0 for each simple right R-module S; a right R-module M is neatflat if and only if M + is absolutely s-pure. For a commutative ring, we prove that every absolutely s-pure left R-module is injective and R is nonsingular if and only if R is hereditary and Noetherian. In particular, a domain R is Dedekind if and only if every absolutely s-pure R-module is injective. A ring R is right Kasch if and only if the injective hull of every simple right R-module is neat-flat if and only if for every free left R-module F , F + is neat-flat. For a right N -ring, we show that, R R is absolutely s-pure if and only if R is right Kasch; R is right -CS if and only if every pure injective neat-flat right R-module is projective if and only if every absolutely s-pure left R-module is injective and R is right perfect.
The last section is devoted for the study of enveloping and covering properties of absolutely s-pure and neat-flat modules. For a right N -ring R, we show that every quotient of any injective left R-module is absolutely s-pure if and only if every left R-module has a monic absolutely s-pure cover if and only if R is a right PS ring; R is a right Kasch ring if and only if every left R-module has an epic absolutely spure cover. For a commutative ring R, we show that, every simple R-module has an injective cover if R is a coherent ring; every simple R-module has a monic injective cover if and only if every R-module has a monic absolutely s-pure cover if and only if a simple R-module S is either injective or Hom E S = 0 for every injective Rmodule E.
PRELIMINARIES
In this section, we give some known results and terminology which are needed to present our results.
Let M be a finitely presented right R-module, that is, M has a free presentation F 1 → F 0 → M → 0 where F 0 and F 1 are finitely generated free modules. If we apply the functor Hom R R to this presentation, we obtain the sequence
where Tr M is the cokernel of the dual map F * 0 → F * 1 . Note that, Tr M is a finitely presented left R-module. The left R-module Tr M is called an Auslander-Bridger transpose of the right R-module M.
In [12] , a commutative domain R is called an N -domain if every maximal ideal of R is projective (finitely generated). A ring R is called a right N-ring if every maximal right ideal of R is finitely generated. Over a right N -ring every simple right R-module S and its transpose Tr S are finitely presented.
The following theorem have a crucial role while obtaining some relations between absolutely s-pure and neat-flat modules. Let be a class of R-modules and M be an R-module. Following [10] , we say that a homomorphism A → M is an -precover of M if A ∈ and the abelian group homomorphism Hom A Hom A A → Hom A M is surjective for each A ∈ . An -precover A → M is said to be an -cover of M if every endomorphism g A → A such that g = is an isomorphism. -preenvelope and -envelope are defined dually. -covers (respectively, -envelopes) may not exist in general, but if they exist, they are unique up to isomorphism (see, [39 
The following result is useful while proving whether a class of modules is preenveloping or covering. 
ABSOLUTELY s-PURE MODULES
In this section, we give some closure properties of absolutely s-pure modules. 
There is an injective module I containing M such that M is s-pure in I; (4) There is an absolutely s-pure module I such that M is s-pure in I; (5) M is s-pure in every extension. Now, we give another characterization of absolutely s-pure modules which will be used in the sequel. (1) . Then there is a homomorphism g ∈ Hom E M S + such that f = g , and this proves (2) .
BÜYÜKAŞIK AND DURGUN
Assume (2). Then there exist an injective right R-module I, g M → I, and h I → S + such that f = hg. Since I is injective, there is a homomorphism E M → I such that = g. So we have the following commutative square:
Then f = h , and so M R is absolutely s-pure by Lemma 3.3. 
RINGS CHARACTERIZED BY ABSOLUTELY s-PURE AND NEAT-FLAT MODULES
In [1] , it is proved that if R is a right N -ring, then a right R-module M is neatflat if and only if Tor 
Proof. ⇒
There is an s-pure exact sequence (2) Let M be a left R-module and S a simple right R-module. Then we have Tor A right R-module N is said to be absolutely pure if it is a pure submodule in every right R-module that contains N , or equivalently, it is pure in its injective hull E N . Clearly, absolutely pure modules are absolutely s-pure. A ring R is said to be a right C-ring if every nonzero singular right R-module contains a simple right R-module. (1) Every neat-flat R-module is flat and R is nonsingular; (2) R is semihereditary.
Proof. 1 ⇒ 2 Let M be a nonsingular module. As noted above, M is neat-flat, and so M is flat by (1 
(1) Every absolutely s-pure module is injective; (2) R is a Dedekind domain.
Following Megibben [24] , an R-module A is absolutely pure if and only if every diagram with P finitely generated and P projective can be completed to a commutative diagram.
Recall that, a ring R is right IF ring if every injective right R-module is flat. It is known that, R is a right IF ring if and only if every finitely presented right R-module is a submodule of a free module ( Proof. 1 ⇒ 2 Let E be an absolutely pure right R-module and M a simple right R-module. Since R is a right Kasch ring, there is an embedding M → R. Let f M → E be a homomorphism. As E is absolutely pure, there is a homomorphism g R → E such that f = g . That is, E is simple-projective. Hence E is neat-flat by [1, Theorem 3.2].
2 ⇒ 3 and 3 ⇒ 4 are trivial.
4 ⇒ 1 Let S be a simple right R-module and u S → E S be the inclusion homomorphism. Since E S is neat-flat, by [1, Theorem 3.2] , there is a finitely generated free module F and homomorphisms v w such that the following diagram commutes:
Since wv is a monomorphism, v is a monomorphism, and so (1) holds. Proof. Suppose R is a right Kasch ring, and let F be a free left R-module. By [18, Theorem 3.52], F + is an injective right R-module. Then F + is neat-flat by Theorem 4.9. Conversely, let M be any injective right R-module. There is a free left R-module F and an epimorphism F → M + from which we obtain an exact sequence 0 → M ++ → F + . Since F + is neat-flat and M ≤ M ++ , M is a direct summand of F + , and so M is neat-flat. Hence R is a right Kasch ring by Theorem 4.9. We obtain the following characterization of right -CS rings. 3 ⇒ 1 Firstly, we show that R is left coherent and right perfect. Let F be an absolutely s-pure left R-module. Then F ++ is injective by [18, Theorem 3.52], since F + is projective by (3) . Since the monomorphism F → F ++ is pure and F ++ is injective, F is absolutely pure. Then, the classes of absolutely s-pure R-modules and absolutely pure R-modules coincide. Hence F is absolutely pure if and only if F + is projective by (3) . Then R is left coherent and right perfect by [2, Theorem 3] .
Let M be a neat-flat right R-module. We claim that M is a flat right R-module.
By Proposition 4.3 and (3), M
++ is projective. Consider the pure exact sequence
Since flat modules are closed under pure submodules, M is flat. By the first part of the proof M is projective, since R is right perfect. Then R is a right -CS ring by [1, Theorem 3.5].
3 ⇒ 4 In the proof of 3 ⇒ 1 , we show that the classes of absolutely s-pure R-modules and absolutely pure R-modules coincide. Since the condition (3) implies R is a right -CS ring, R is left Artinian by [28, Proposition 3.2] . Hence R is right perfect, and every absolutely s-pure left R-module is injective by [ 
COVERS AND ENVELOPES
In this section, we use the results in previous sections to study the enveloping and covering properties of absolutely s-pure modules and neat-flat modules. A left R-module E is called s-pure injective if it is injective with respect to spure short exact sequences. Note that for each simple right R-module S, S + is an s-pure injective left R-module by the standard adjoint isomorphism. Proof. Let M be an s-pure injective left R-module. Let f F → M be an absolutely s-pure cover of M. By Lemma 3.3, there is an s-pure exact sequence 0 → F i → E → L → 0 with E injective. Since M is s-pure injective, there exists a homomorphism g E → M such that f = gi Since E is absolutely s-pure, there exists E → F such that g = f Therefore f = gi = f i, and so i = 1 F . It follows that, F is isomorphic to a direct summand of E, and hence F is injective.
Recall that every left R-module has an epic flat envelope if and only if R is a right semihereditary ring, [31, Corolary 4.3] . It is well known that, R is a right semihereditary ring if and only if every right R-module has a monic absolutely pure cover if and only if every homomorphic image of an injective right R-module is absolutely pure, (see, [31, Corolary 4.13] and [7, Corollary 3.8] ). Next, we consider when every left R-module has a monic absolutely s-pure cover. That is, factors trough the injective module Q. Therefore, L/N is absolutely s-pure by Lemma 3.4.
2 ⇒ 4 Every pure quotient of any absolutely s-pure left R-module is absolutely s-pure by (2) . By Proposition 3.6, absolutely s-pure left R-modules are also closed under direct sums. Now, the claim follows by [13, Proposition 4] Since s-pure exact sequences are closed under pushout, is also s-pure exact. On the other hand, is an epimorphism, and so P is absolutely s-pure by (3) . Therefore, L/N is absolutely s-pure by Lemma 3.3.
2 ⇒ 5 Suppose N is a submodule of a neat-flat right R-module L. Then L + absolutely s-pure by Proposition 4.3. Clearly, N + is an epimorphic image of L + , and so N + is absolutely s-pure by (2) . Hence N is neat-flat by Proposition 4.3, again.
5 ⇒ 2 Suppose that N is a submodule of an absolutely s-pure left R-module L. We claim that L/N is absolutely s-pure. We have an exact sequence 0 Proof. First note that if R is commutative, then every simple R-module is s-pure injective by Proposition 3.1(3).
1 ⇒ 2 Since simple modules are s-pure injective, (2) follows by Theorem 5.3.
2 ⇒ 1 Similar to that proof of 1 ⇒ 2 in Theorem 5.3, one can show that quotients of absolutely s-pure modules are absolutely s-pure. So, the claim follows by Theorem 5.3.
2 ⇒ 3 Let S be a simple left R-module. Suppose S is not injective. Then S has a monic injective cover f Q → S by (2). Since S is simple and f is monic, Q = 0. Now, let E be an injective left R-module and h ∈ Hom E S . Then there is a homomorphism g E → Q such that h = fg = 0. This proves 3 3 ⇒ 2 Let S be a simple R-module. Then, by (3), S is either injective or Hom E S = 0 for each injective module E. If S is injective, then 1 S S → S is a monic injective cover of S. If Hom E S = 0 for each injective module E, then 0 → S is a monic injective cover of S.
Remark 5.5.
(1) For a left small ring R, i.e., Rad E = E for every injective left R-module E, we
have Hom E S = 0 for each simple left R-module S. If R is a left V -ring then every simple left R-module is injective. Hence, each simple left R-module has a monic injective cover over left small rings and over left V -rings.
(2) Let R be a commutative semihereditary ring and S a simple R-module. Suppose Hom E S = 0 for some injective R-module E. Then S E/K for some K ≤ E, and so S is absolutely pure by [7, Corollary 3.8] . But S is also s-pure injective by Proposition 3.1(3), so it is injective. Thus every simple R-module has a monic injective cover by Theorem 5.4(3).
For a left coherent ring R, Mao and Ding [22] proved that, R R is absolutely pure if and only if every (finitely presented) left R-module has an epic absolutely pure cover [22 We conclude the paper with the following remark.
Remark 5.7. Let R be a commutative ring. By Proposition 3.1(3), every simple module is s-pure injective. Hence absolutely s-pure cover of a simple module is injective by Proposition 5.2. Actually, by using the same method in the proof of Proposition 5.2 one can easily shows that, absolutely pure cover of an s-pure injective left R-module is injective. Note that, if R is left coherent, then every left R-module has an absolutely pure cover by [30, Corollary 2.7] . Hence, if R is a coherent ring, then every simple R-module has an injective cover. If R is coherent and absolutely pure, then every simple module has an epic injective cover by [22, Corollary 3.2] .
